This paper is concerned with obtaining a simple numerical algorithm for solving fractional order integro-differential equations of Volterra type, the kernel being regular or weakly singular, where the fractional derivative is defined in Caputo sense. The properties of Bernstein polynomials are utilized to reduce the fractional order integro-differential equations to the solutions of algebraic equations, which are solved by an appropriate method after collocation. Some numerical examples are given to illustrate the method. It is found that the results obtained by the present method compares favorably with the exact results.
Introduction
The idea behind fractional or non-integer order derivative and integral grows out of the definitions of fractional exponents which are outgrowth of exponents with integer values. In recent years, it has been turned out that fractional differential equations can be used successfully to model many physical problems of dynamical processes, fluid flow, diffusive transport, viscoelasticity etc(cf. Mainardi [7] , Podlubny [10] , Das [6] , Arikoglu and Ozkol [1] ). Fractional derivatives provide an excellent tool in describing various physical phenomena due to its frequent appearance in the mathematical studies of integral, differential and integro-differential equations. Mathematical aspects of fractional differential equations (FDE), fractional integro-differential equations (FIDE) and methods of their solutions were discussed by many authors, for example, the Adomian decomposition method (ADM)(cf. Momani and Noor [9] ), the collocation method(cf. Rawashdeh [11] , Sweilam et al. [12] , Sweilam and Khader [13] ), the fractional differential transform method (FDTM) (cf. Arikoglu and Ozkol [1] ) etc.
In this paper, we obtain the solution of fractional order integro-differential equation of Volterra type with regular as well as weakly singular kernel by using a truncated expansion in terms of Bernstein polynomials of the unknown function. Bernstein polynomials have been used in the literature to solve several linear and nonlinear differential equations, ordinary and partial, approximately (cf. Bhatta and Bhatti [2] , Bhatti and Bracken [4] ) and to solve various integral equations(cf. Mandal and Bhattacharya [8] , Bhattacharya and Mandal [3] ).
Arikoglu and Ozkol [1] proposed a fractional differential transform method (FDTM), which is a semi-analytical numerical technique, to solve fractional integro-differential equation of Volterra type. Also, Sweilam and Khader [13] considered a Chebyshev psuedo-spectral method for solving linear as well as nonlinear fractional integro-differential equations of Volterra type numerically. Our proposed method is more simple and user-friendly compared to the aforesaid methods.
Here, we consider the numerical solution of fractional order integro-differential equations of Volterra type given by
subject to the boundary conditions
with regular or singular kernels, where D α y(x) denotes the α th order Caputo fractional derivative of y(x), F is a linear or nonlinear continuous function of its arguments and γ 0 , γ 1 , β 0 , β 1 are real constants.
We have introduced a truncated expansion of y(x) in terms of Bernstein polynomials and then an approximate formula for the Caputo derivative in Bernstein polynomial basis is derived. Then the given FIDE is reduced to a system of algebraic equations after using suitable collocation points by utilizing Gauss-quadrature formula. The coefficients of the truncated expansion are obtained by solving this system and the approximate series form of y(x) for different values of α are calculated later. Some illustrative examples with comparisons between the exact solutions, and approximate solutions obtained by FDTM, Chebyshev pseudo-spectral method and the proposed method, are presented in tables and figures. It is seen that the proposed method is computationally quite efficient.
Preliminaries

Basic definitions of fractional integrals and derivative operators
, where g(x) ∈ [0, ∞) and it is said to be in the space
Definition 2.2 The expression for Caputo fractional derivative operator
Properties : Caputo fractional derivative operator is a linear operator similar to integer order differentiation so that
where λ and µ are constants. Caputo derivative satisfies 
where
The Bernstein polynomials of degree n form a basis for the vector space ∏ n of polynomials of degree at most n. These polynomials defined on an interval form a complete basis over the interval. The sum of these polynomials is unity, each of them being positive.
General method of solution
In this section, we introduce a numerical algorithm using Bernstein polynomials as basis functions for solving Volterra type fractional order integrodifferential equation of the form (1.1). In order to apply the Bernstein polynomials in the interval [0, 1], B i,n (x) is now defined as
is a complete basis, we can write any polynomial y m (x) of degree m in terms of linear combination of
Another form of Bernstein polynomials of degree n in the interval [0, 1] is given by
Since Caputo fractional differentiation is a linear operation we have from (3.2)
Merging of (3.4),(3.5),(3.6) produces the following form
As a simple illustration, let us take y(x) = 1 + x 2 , so that the series expansion (3.2) gives
Now using (3.8) we get for α = 0.5
Also using (2.3) we find
which was the same result as (3.11).
Next we will derive a discretization formula of (1.1) using simple collocation method. We have already approximated y(x) as
(3.12)
Using (3.12) and (3.8) in (1.1) we obtain
(3.14) Let us now collocate (3.14) at points 
(3.16) By using Gauss quadrature formula,
(3.17) where s q are the (m + 1) roots of the Legendre polynomial P m+1 (x) and w q are the corresponding weights. We have used Gauss quadrature rule since it is constructed to yield an exact result for polynomials of degree 2m 
Hence equation (3.17),together with [α] equations of (3.18) and (3.19) gives (m + 1) equations which can be solved for the (m + 1) unknowns c k , k = 0, 1, ......, m using an appropriate numerical method. Finally, the function y(x) approximated by (3.2) can be obtained.
Numerical examples
In this section, we present six illustrative examples for which numerical results are obtained by using the present method. The exact solution is y exact = x 3 . Implementation of the aforesaid method for m = 6 results
Using (3.17) we get 
with the boundary conditions
For the case of α = 4, the exact solution is known and given by
We implement our method for α = 3.25 and α = 3.75 and take m = 20. The numerical results using the present method and those obtained from FDTM [3] and CPS method [8] are presented in Table 1 . Also the exact solution and approximate solution of this example for α = 4 are depicted graphically in Figure  1 . The Table 1 and the Figure 1 show the present method to be quite accurate. with the boundary conditions
For α = 4, the exact solution is known and given by
To solve the equation (4.8) numerically we use our method for α = 3.25 and α = 3.75 and choose m = 20. The numerical results of our method and those obtained from FDTM [3] and CPS method [8] are presented in Table 2 . Also the exact solution and approximate solution obtained by the presented method for α = 4 are depicted graphically in Figure 2 . The Table 2 and the Figure 2 show the present method to be quite accurate. where
The exact solution is known and given by
We use the present method for α = 0.5 and choose m = 10. The exact and approximate results are depicted graphically in Figure 3 which shows that the present method is quite accurate.
Example 5 :
Let us consider the fractional integro-differential equation with weakly singular kernel given by and
The exact solution is known and is given by
The above equation is solved by choosing m = 20 and the exact and approximate results are depicted graphically in Figure 4 . This figure shows that the proposed method is quite accurate.
Example 6 : Let us consider the fractional integro-differential equation with weakly singular kernel as given by
and ] .
The exact solution is known and is given by y exact = 2x 2 .
The above equation is solved by choosing m = 20 and the exact and approximate solutions are depicted graphically in Figure 5 . This figure shows that the present method is quite accurate.
Conclusion
In this paper, we have proposed a simple numerical algorithm to solve the fractional order integro-differential equation of Volterra type, with singular or nonsingular kernels, the fractional derivative being in the Caputo sense. An approximate formula for the Caputo derivative in Bernstein polynomial basis was derived. The properties of Bernstein polynomials together with Gauss quadrature rule were utilized to reduce the fractional order integro-differential equations of Volterra type to the solution of algebraic equations by avoiding the appearance of ill-conditioned matrices or complicated integrations. From the obtained numerical results we conclude the following (i) Excellent agreement is seen between the exact and the approximate solutions computed numerically by choosing a few terms for the truncated series.
(ii) The accuracy of approximate solution can be further improved by increasing the value of m i.e. by increasing the number of terms of the Bernstein polynomial.
Thus, the above given method can be utilized as a powerful solver for the solution of Volterra type fractional order integro-differential equation with singular and nonsingular kernels as compared to the other methods, the present method appears to be simple in principle and more convenient for computer algorithms.
